is in a compact subset of ikf', then there exists an unbounded sequence 0 < ti < t 2 < . . . such that jfoo(x) = lim/(x, t n ) exists uniformly on M (in fact, in C k (M) for all k) and is a harmonic map of M into M 7 (which is of course homotopic to/o(x)).
The object of this paper is to prove the following assertions: (x,u) :
such that / oe (-, 0) = / oe0 , / oe (-, 1) = / oe i, and / oe (-, u) is harmonie for fixed u, 0 < u < 1. Equations (1.4) are the Euler-Lagrange equations for the variation of the "energy," It should be noted that in (H) and (I) there are no curvature assumptions on M. This contrasts with the corollary of (1, p. 124).
The proof of assertions (A)-(I) will depend on a priori estimates of Eells and Sampson (1) and on a device of Lewis (5), as exploited by Hartman (3, 4) .
Assertion ( 
If /: S l -> M' satisfies the initial condition ue = 0, 0 = 6 at t = 0, then the same is true for the solution for t > 0. Thus the initial value problem reduces to
If Uo = 0, then the solution u = 0, 0 = 6 for all / > 0, is independent of t, and is a harmonic map. If Uo > 0, then it is easy to see that the solution exists for all t > 0 and u -> oe as t -» °o. Of course, the harmonic map Q -* (u, 0) = (0, 6) is homotopic to the initial map 6 -> (u, 0) = (u 0 , 0). In this example, the harmonic map 6 -» (w, 0) = (0, 0) is an unstable stationary point of (1.4). Thus (D) is also false without the assumption on the sectional curvatures of M' in (1.1).
An obvious modification of this example shows that (E) is also false without this assumption. 
, dV is the element of volume on M (so that in local coordinates dV = (det gik)* dx), and V = j M dV is the volume of M.
be of class C 1 and, for a fixed u> let f(x } u, i) be the solution of (1.4) on 0 < t < t\ (<°°) reducing to F(x, u) at t = 0. Then Only the case /> = oo of this lemma will be needed below for the proofs of (A)-(I), but the proof for 1 < p < oo w iH also be given. (Of course, the case p = oo can also be obtained as a consequence of the result for large p.)
Proof. For fixed u, /(x, u, i) and f u = df/du are of class
with the corresponding partial derivatives continuous functions of (x, u, t). This can be proved by a re-examination (and differentiation with respect to u) of the successive approximations used in the proof of the local existence theorem (0) for (1.4) in (1, Section IOC). Let / = f(x, u, t) and subscripts /, u, i, j, . . . denote partial differentiation with respect to /, j Define the function
In view of the relations àgWdy* = g'ar ?% + g'fir V'^, differentiation of (2.3) with respect to t and x l gives (2.4)
From the last formula and (1.3) it follows that
Carrying out the indicated differentiations and using (2.4), (1.4) , and the differentiated form of (1. On 2fee case p = ». Thus, for a fixed w, Q(x,u, t) satisfies the parabolic differential inequality Q t -A<2 < 0. Hence, the maximum principle implies that if 0 < 5 < t, then max x Q(x, u, t) < max x Q(#, u, s) for every fixed u 6 [0, a]; cf., e.g., (8, Theorem 4, p. 171). Consequently
This shows that D (7, °° ) is non-increasing.
On the case 1 < p < <». Define the functions
#«(*) = R t (u,t)du,
•Jo it suffices to show that R t (u, t) < 0. From
and (2.6) it is seen that R t /p = I + II + III, where 1= f Q^gVR'^ftfiftfidVKO, 
, the inner integral of (2. From Lemma 2.1 and Remarks 1 and 2, we obtain the following corollary. Recall that if M" is a compact subset of M', then ô = ô(M") > 0 is a number with the property that if y 6 M", z Ç M', and r'(y, z) < 5, then there is a unique geodesic of minimal length joining y and z. COROLLARY 
Let M" be a compact subset of M r . Let f 0 (x, t) be a solution of (IA) for x e M, 0 < t < h (<°°) with its range in M". Letf x {x)\ M-> M'

Proof of (A). Let the initial value problem (1.4)-(1.4 0 ) have a solution /(x, ()onMX [0, h), where h < oo. In order to prove (A), it suffices to show that/(x, i) can be continued as a solution of (1.4) beyond t = h. In view of the local existence theorem (1, Theorem 10B, p. 154) quoted as (0) above, it is enough to prove that the range of f(x, t): M X [0, ti) -» M' is contained in a compact subset of M'.
To this end, apply Corollary 2.1 to F(x, u) = f(x, u) for 0 < u < a with a = /i/2, where f(x, u, t) = f(x, u + t) for 0 < t < h/2. By (2.9),
\f(',t),f(-,t
Since the range of /(x, /): MX [0, /i/2] -> M r is compact, it follows that the range of /(x, /) is also in a compact set of M' for x £ M, h/2 < / < h> This proves (A). This proves (C). 
Proof of (B). Let f(x, t)
Proof of (D)
The maximum of the function on the left of (8.1) is |/ oe o,/ooi|oe» which equals D(0, °°) by Remark 2 following Lemma 2.1. Let this maximum be assumed at x = x Qy SO that
In particular,
Thus, for fixed u and t, Q*(x, u, t) takes its maximum at x = x 0 and this maximum is independent of £. The proof of Lemma 2.1 shows that Q satisfies the parabolic differential inequality Q t -AQ < 0 for fixed u. Hence the strong maximum principle implies that Q*(x, u, t) = c 0 (u) does not depend on (x, t) ; cf., e.g., (8, Theorem 4, p. 171). In view of (8.3), c 0 (u) = D(0, oo ) is independent of u.
Since
•Jo is independent of x, and f(x, u, t), for 0 < u < 1, is the unique minimizing geodesic arc joining/ oo0 (x),/ oo i(x) with u proportional to the arc-length. Hence f(x> u, t) = F(x, u) for t > 0. In particular, F(x, u) = f oe (x, u) and the assertion (F) is proved. 
Proof of (G)
for x £ ikf, 0 < ^i, w 2 < 1). That the set 12 is not empty follows, for example, from the proof of (E) in § 7; cf. (7.1). 
Proof of (I).
Necessity of (i) or (ii). It follows from (H) that if there exists a harmonic map =^f oe homotopic to/ oe , then/ oe (AT) is contained in some complete geodesic 7 of AT.
Suppose that / oe (AT) is not a point. It has to be shown that f oe {M) is a closed geodesic curve. Suppose that this is not the case; then/ oe (AT) is a closed subarc of 7. This is impossible since the map f oe : M -»• 7 is open, by the Remark 1 at the end of § 10. (Another contradiction can be obtained by the use of assertion (G) since/ oe (AT) would be homotopic on 7 to a point.)
Sufficiency of (i) or (ii). Since the case where f oe (M) is a point is trivial, suppose that f oe (M) is a closed geodesic curve 7 on AT. Let 7: y = y (s), -00 < 5 < oe , be an arc-length parametrization of 7, so that y(s) is a periodic function of s.
Let Xo G M and So satisfy / oe (x 0 ) = y(so)-Then in a simply connected neighbourhood of x 0 there is a unique continuous function s(x) of x satisfying (10.11) and s(x 0 ) = s 0 . As in § 10, s(x) £ C oe and (1.2) is equivalent to As(x) = 0.
Since f oe : M -» M f is a harmonic map, the same is true of f(x, u) defined, for fixed u, by f(x, u) = y(s(x) + u).
Completion of proof. It has to be shown that all harmonic maps homotopic to/oo are "rotations of f oe ". But this is clear from (G) and the proof of (H) in § 10.
